A graph G with no isolated vertex is total domination vertex critical if for any vertex v of G that is not adjacent to a vertex of degree one, the total domination number of G − v is less than the total domination number of G. We call these graphs t -critical. If such a graph G has total domination number k, we call it k-t -critical. We verify an open problem of k-t -critical graphs and obtain some results on the characterization of total domination critical graphs of order n = (G)( t (G) − 1) + 1.
Introduction

A vertex in a graph G dominates itself and its neighbors. A set of vertices S in a graph G is a dominating set if each vertex of V (G)\S is dominated by some vertices of S. The domination number (G) of G is the minimum cardinality of a dominating set of G.
A dominating set S is called total dominating set if each vertex of G is dominated by some vertices of S, and the total domination number of G denoted by t (G) is the minimum cardinality of a total dominating set of G. An end-vertex in a graph G is a vertex of degree one and a support vertex is one that is adjacent to an end-vertex. A total dominating set of cardinality t (G) we call a t (G)-set. An efficient total dominating set for a graph G is a set S ⊆ V (G) for which the open neighborhoods N(v), v ∈ S, form a partition of V (G) [4] .
We also let S(G) be the set of support vertices of
There are several papers on vertex domination critical graphs [1, 2, 5] .
Haynes et al. [3] studied the critical concept for total domination. They defined a connected graph G to be total domination vertex critical or just t -critical, if for any vertex
If G is a t -critical graph of order n, then it can be shown that n (G)( t (G)−1)+1. The characterization of those t -critical graphs achieving equality is left as an open problem in [3] . We study this problem and obtain some results on characterization of t -critical graphs of order n = (G)( t (G) − 1) + 1. We prove that these graphs are regular. Then we study regular graphs of the above order. All graphs in this paper are connected and for a vertex v ∈ V (G), we let S v denote a t (G − v)-set. The followings are useful:
Theorem A (Goddard et al. [3] ). A cycle C n is t -critical if and only if n ≡ 1, 2 (mod 4). (Goddard et al. [3] 
Theorem B
Results
The first result of this section is that the total domination vertex critical graphs of order n = (G)( t (G) − 1) + 1 are regular. We then focus on the regular graphs of the above order and obtain some necessary conditions for existence of these graphs.
t -critical graphs of order
In this subsection we prove that a t -critical graph of order n = (G)( t (G) − 1) + 1 is regular.
Theorem 1. Any
t -critical graph G of order n = (G)( t (G) − 1) + 1 is regular. Proof. Let G be a t -critical graph and n = (G)( t (G) − 1) + 1. Let u ∈ G. Then |S u | = t − 1. Since all of the (G)( t (G) − 1) vertices of G − u are totally dominated by S u ,
each element of S u totally dominates exactly (G) vertices and so has degree (G).
Hence no two elements of S u have a common neighbor in V (G)\{u}. Now we prove that each vertex x of G belongs to S u for some u. Let v ∈ S x . Each vertex of S x \{v} dominates a unique vertex of S v . If x / ∈ S v , then there is a vertex w in S v which is not dominated by S x \{v}, so w must be dominated by v. But S v 
t -critical regular graphs of order (G)( t (G)
In this subsection, we consider r-regular graphs of order n = r( t (G) − 1) + 1 and study whence they are total domination critical. For r = 2 it follows from Theorem A that:
In the following there is a tight necessary condition for the existence of a k-t -critical r-regular graph G of order r( t (G) − 1) + 1: 
Proof. Let v ∈ V (G) and S v be a t (G − v)-set, then |S v | = t (G) − 1. It is easily seen that any component of G[S] is K 2 and no two vertices of S have a common neighbor, because otherwise the number of vertices of G which are dominated by S v , is less than 2r (t (G)−1) 2 = r( t (G) − 1). So the result follows.
Moreover it is easy to see that any vertex of S v in the above lemma has degree r in the graph G − v.
Let the corona K r • K 1 be the graph obtained from K r by adding a pendant edge to each vertex of K r . So |V (K r • K 1 )| = 2r and |E(K r • K 1 )| = [r(r − 1)/2] + r. Our next result is the following forbidden induced subgraph condition for the existence of total domination critical regular graphs.
Lemma 5. If a r-regular graph G of order r( t (G)
Proof. Let G contains a corona K r • K 1 as an induced subgraph. On the contrary assume that G is a t -critical r-regular graph of order r( t (G) − 1) + 1. Let x be a vertex of K r , then |S x | = t (G) − 1 and we obtain K r−1 • K 1 as an induced subgraph of G − x. Then there is a vertex y ∈ V (K r−1 ) ∩ S x . But in the graph G − x, we have deg(y) = r − 1, which is a contradiction.
We also have some results on the diameter of a k-t -critical r-regular graph G of order r(k − 1) + 1. For the case t = 3 we obtain the exact value of diameter by the following:
Theorem 6. The diameter of a 3-t -critical r-regular graph of order n = 2r + 1 is 2.
Proof. It is obvious that complete graphs are not 3-t -critical. Let G be a 3-t -critical r-regular graph of order n = (G)( t (G) − 1) + 1, then by Theorem B, diam(G) 3. On the contrary assume that diam(G)=3. Let v be a diametrical vertex of G and for i=0, 1, 2, . . . , d let V i denotes the set of all vertices of G at distance i from v.
Without loss of generality we may assume that |V 3 | = r − 2. Since G is r-regular, then each vertex of V 3 is adjacent to both of the vertices of S v . This is a contradiction by Lemma 4. Hence diam(G) = 2.
As an immediate result of above theorem we have the following: Proof. On the contrary assume that G is a 3-t -critical 4-regular graph of order 9. Let x ∈ V (G) and let V i denotes the set of all vertices of G at distance i from x for i = 1, 2. So |V 1 | = |V 2 | = 4. Let S x = {y, z}, then S x ⊆ V 2 and yx ∈ E(G). There is the following cases: We may assume that v 1 ∈ S z , and it follows that v 3 ∈ S z . In order for S z to dominate the vertices in {v 2 , v 4 , v 5 , v 6 }, it must be the case that deg(v 3 ) + deg(v 1 ) 9, contradicting that G is 4-regular.
We close with the following:
Conjecture. For r 6, there is no 3-t -critical r-regular graph of order 2r + 1.
Problem. Does there exist a k-t -critical r-regular graph of order r(k − 1) + 1?
